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Abstract
A mathematical and numerical analysis is performed to assess the performance of the second order Bayliss–Gunzburger–Turkel
(BGT2) condition when applied to solving low-frequency acoustic scattering problems in the case of elongated scatterers. This
investigation suggests that BGT2 retains an acceptable level of accuracy for relatively low wavenumber. A damping effect is
incorporated to the BGT2 condition in order to extend the range of satisfactory performance. This damping procedure consists in
adding only a constant imaginary part to the wavenumber. The numerical results indicate that the modiﬁed version of BGT2 extends
the range of satisfactory performance by improving the level of accuracy by up to two orders of magnitude. Guidelines on the
appropriate choice of the damping coefﬁcient are provided.
© 2007 Published by Elsevier B.V.
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1. Introduction
The application of a ﬁnite element method to the solution of an exterior Helmholtz problem requires the deﬁnition of
a bounded computational domain. This is typically achieved by surrounding the given scatterer by an artiﬁcial boundary
positioned at a certain distance from the surface of the scatterer. This artiﬁcial boundary must prohibit the reﬂection of
waves as well as minimize the size of the “effective” computational domain. The balance between these two constraints
has been a point of investigation for over 70 years, with solutions being called artiﬁcial boundary conditions. Extensive
review and comparisons of developed boundary conditions are provided in [25,15,16,18], among other references.
One of the most widely used conditions is the so-called second order Bayliss–Gunzburger–Turkel (BGT2) condition
[5]. This condition is derived under a high-frequency regime assumption in the case of circular- and spherical-shaped
artiﬁcial boundaries. Therefore, it is not surprising that when employed on a circular or spherical artiﬁcial boundary
in conjunction with ﬁnite elements, these boundary conditions perform well for high wavenumbers. This conclusion
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has been demonstrated analytically in [5] and also numerically for various boundaries in [22,10,24] among other
references.
In the following, we propose to extend the analysis of BGT boundary conditions [17] to boundaries in the shape
of an ellipse and a prolate spheroid. More speciﬁcally, we analyze the effect of low wavenumber on the performance
of BGT2 when applied on elliptical-shaped scatterers using the on-surface radiation condition (OSRC) approach [19].
The analysis shows that BGT2 retains an acceptable level of accuracy for relatively low wavenumbers depending on
the slenderness of the considered elliptical-shaped scatterer. In order to extend the range of satisfactory performance of
BGT2, we modify it through a simple damping effect-based procedure. It consists in adding to the wavenumber in the
BGT2 condition an imaginary part that can be viewed as a damping coefﬁcient. The idea of incorporating this damping
coefﬁcient is based on the following considerations. It is well-known that BGT2 can be constructed using a two-step
approximation procedure [2]. The ﬁrst step of this approximation consists in expanding the symbol of the DtN operator
and truncating the obtained series. This approximation is valid only in the so-called hyperbolic zone corresponding to
the propagating modes region, and the elliptic zone corresponding to the evanescent modes region. This approximation
is not valid in the so-called transition zone (hyperbolic–elliptic) corresponding to the grazing waves. Therefore, the
resulting operator does not represent correctly grazing waves and their effects on the total ﬁeld in the construction of
BGT2. For more details about the different propagation regions, we invite the reader to see [6,9] among others. The
second step is a localization procedure that is valid only in the hyperbolic region. Consequently, BGT2 is not appropriate
for representing evanescent modes that exist in the elliptic region. Given that, it is proposed to incorporate a damping
coefﬁcient to BGT2 in order to address the lack of appropriate modeling of the elliptic region as well as the transition
region. The damping coefﬁcient acts in fact like a regularization parameter that makes the two-step approximation
procedure for constructing BGT2 valid in the three regions of propagation. Therefore, the resulting modiﬁed BGT2,
that we call mBGT2, has the potential to be more efﬁcient than the classical BGT2 in the context of OSRC formulation,
especially for low-frequency regimes. We propose here to assess the performance of mBGT2 for the low-frequency
regime. We must point out that a similar damping-based approach has been adopted by Antoine et al. for constructing
OSRC-based preconditionners for integral equations in the high-frequency regime [3] and for the derivation of higher
order OSRCs for high frequencies [4].
The reminder of this paper is as follows. In Section 2,we recall themathematical formulation of the acoustic scattering
problem by sound-soft scatterers, the exact expression of the acoustic scattered ﬁeld in the case of elliptical-shaped
scatterers, and we introduce the speciﬁc impedance as a measure of boundary conditions performance. Section 3 is
devoted to the analysis of the performance of BGT2 when used on elliptic cylindrical as well as prolate spheroid
scatterers. This analysis is conducted in the OSRC context. In Section 4, we extend the analysis performed in Section
3 to the modiﬁed BGT2. A summary of the obtained results and remarks on the remaining issues conclude this paper.
2. Preliminaries
2.1. Exterior Helmholtz problem
The acoustic scattering by a sound-soft scatterer consists in ﬁnding the scattered ﬁeld u, solution of the following
boundary value problem (BVP) [8]:
(BVP)
⎧⎪⎪⎨
⎪⎪⎩
−u − k2u = 0 in e,
u = −uinc on ,
lim|x|→∞ |x|
(n−1)/2
(
u
|x| − iku
)
= 0,
(1.3)
where uinc is the incident plane wave given by
uinc = eikx·d (4)
and e is a homogeneous unbounded domain surrounding the sound-soft scatterer , that is e =Rn\ (n = 2, 3), 
is the boundary of the scatterer, k is a positive number representing the wavenumber, and d is a unit vector representing
the direction of the incident plane wave. Note that the couple (k, d) characterizes the incident plane wave uinc. Eq. (3)
is called the Sommerfeld radiation condition. Appropriate representation of this condition is crucial to the reliability
528 R.C. Reiner et al. / Journal of Computational and Applied Mathematics 204 (2007) 526–536
of any numerical formulation of BVP. We point out that the Dirichlet condition Eq. (2) is used only for simplicity and
that the results presented herein apply to all types of admissible boundary conditions.
2.2. Analytic solutions to BVP
It is well-known that BVP can be solved analytically for a class of scatterers by expressing the scattered ﬁeld u as a
Fourier series [7]. Since the proposed performance investigation of BGT2 focuses on elliptical- and spheroidal-shaped
scatterers, we recall in this section the expression of the exact solution of BVP for such class of scatterers for two- and
three-dimensional problems.
2.2.1. Acoustic scattering by an elliptic cylindrical-shaped obstacle
The elliptic cylindrical coordinates (, , z) are related to the cartesian coordinates (x, y, z) by the transformation:
x=a cos , y=b sin , and z=zwhere  ∈ [0, 2), z ∈ R, a and b are the semi-major and semi-minor axis, respectively.
They are given by a = f cosh , b = f sinh , where f represents the inter-focal distance and  is a non-negative real
number. The eccentricity, e on a elliptical cylinder at = 0 is deﬁned as follows:
e = 1
cosh 0
=
√
1 − b
2
a2
. (5)
Note that 0<e< 1. In addition, when e → 0, the elliptic cylinder degenerates to a circular cylinder. On the other hand,
when e → 1, the ellipse degenerates to a line segment of length 2f . Furthermore, the incident plane wave uinc given
by Eq. (4) can be expressed in this coordinate system as follows:
uinc = eikf cosh (cos  cos 0+tanh  sin  sin 0), (6)
where 0 is the incident angle.
The acoustic scattered ﬁeld uscat solution of BVP when  is a sound-soft elliptic-shaped scatterer can then be
expressed in terms of Mathieu functions as follows [7]:
⎧⎪⎨
⎪⎩
uscat= −√8
[ ∞∑
m=0
imCemRe(3)m (kf , cosh )Sem(kf , cos )
+
∞∑
m=1
imComRo(3)m (kf , cosh )Som(kf , cos )
] (7)
and the Fourier coefﬁcients Cem and Com are given by⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Cem= 1
N
(e)
m
Re
(1)
m (eka, e
−1)Sem(eka, cos 0)
Re
(3)
m (eka, e
−1)
Com= 1
N
(o)
m
Ro
(1)
m (eka, e
−1)Som(eka, cos 0)
Ro
(3)
m (eka, e
−1)
,
(8)
where
• Re(j)n (resp., Ro(j)n ) represents the even (resp., odd) radial Mathieu functions of the jth type (see in [23, p. 378]).
• Sen (resp., Son) represents the even (resp., odd) periodic Mathieu functions (see in [23, p. 377]).
• N(e)m (resp., N(o)m ) represents the even (resp., odd) normalization factor of the periodic Mathieu functions (see in
[23, p. 378]).
2.2.2. Acoustic scattering by a prolate spheroidal-shaped obstacle
In three dimensions, the prolate spheroidal coordinates (,, ) are related to the cartesian coordinates (x, y, z) by
the transformation: x = b sin cos , y = b sin sin , and z = a cos where  ∈ [0, ),  ∈ [0, 2). Similarly to the
two-dimensional case, a and b represent the semi-major and semi-minor axis, respectively, and e the eccentricity of the
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prolate spheroid. Note that when e → 0 the prolate spheroid degenerates to a sphere. In addition, the incident plane
wave uinc, given in Eq. (4) can be expressed in this coordinates system as follows:
uinc = eikf cosh (cos cos0+tanh  sin sin0 cos ), (9)
where 0 is the incident angle.
The acoustic scattered ﬁeld uscat solution of BVP when  is a sound-soft prolate spheroid-shaped obstacle can then
be expressed in terms of radial spheroidal wave functions as follows [21]:
uscat = −2
∞∑
m=0
∞∑
n=m
(2 − 0m)AmninR(3)mn(kf , cosh )Smn(kf , cos) cosm (10)
and the Fourier coefﬁcients Amn are given by
Amn = R
(1)
mn(eka, e
−1)Smn(eka, cos0)
NmnR
(3)
mn(eka, e
−1)
, (11)
where
• R(3)mn represents the radial spheroidal wave function of the third kind (see in [12, p. 11]).
• Smn represents the angular spheroidal wave function and satisﬁes the following differential equation (see in [12,
p. 11])


(
sin
Smn

)
+ sin
(
	mn(kf ) − (kf )2cos2− m
2
sin2
)
Smn = 0, (12)
	mn(kf ) are the prolate spheroidal eigenvalues (see in [12, p. 11]).
• Nmn represents the normalization factor of the angular spheroidal wave function (see in [12, p. 22]).
• 0m is the Kronecker delta symbol.
2.3. Measure of performance of an absorbing boundary condition
As in [17], we assess the performance of mBGT2 using the speciﬁc impedance introduced in [13,14] as a practical
tool for measuring the efﬁciency of absorbing boundary conditions in the context of OSRC [19]. This non-dimensional
quantity measures the effect of the truncated medium in physical terms. It provides a convenient indicator of the
performance of a given approximate representation. In the elliptical coordinates system, the speciﬁc impedance can be
expressed as follows:
z = − i
√
1 − e2ka uinc
(/)(uscat)|=0
. (13)
Therefore, the speciﬁc impedance zexact2 corresponding to the exact solution for two-dimensional problems can be
computed analytically using Eq. (6) and the Fourier series given by Eq. (7) to evaluate (/)(uscat)|=0 . Similarly,
the exact speciﬁc impedance zexact3 for three-dimensional problems can be computed analytically using Eq. (9) and the
derivative of the Fourier series given by Eq. (10).
3. Performance assessment of BGT2
3.1. Case of elliptic cylindrical-shaped scatterer
The two-dimensional BGT2 condition [5] can be expressed in the elliptic cylindrical coordinates system as a Robin-
type boundary condition as follows:
u

=
√
1 − e2
[(
ika − 1
2
+ 1
8(1 − ika)
)
u + 1
2(1 − ika)
2u
2
]
. (14)
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We must point out that we have chosen to write the expression of BGT2 in terms of the eccentricity e and ka for the
purpose of the analysis only. It might be more suitable for implementation to express this condition in terms of kf and
cosh .
Specifying BGT2 as an OSRC allows to compute analytically the corresponding approximate speciﬁc impedance
zBGT22 . Therefore, we have
zBGT22 =
ika
ika − 12 + 1/8(1 − ika) + 121/(1 − ika)

, (15)
where

= −i(ka)− (ka)2
(


)2
(16)
and
= cos  cos 0 +
√
1 − e2 sin  sin 0. (17)
We are now ready to assess the performance of the BGT2 for two-dimensional problems. To do this, we ﬁrst compare
the behavior of zBGT22 and zexact2 for low wavenumbers by deriving their asymptotic expansion as ka → 0.
Proposition 1. The asymptotic behavior of the speciﬁc impedances of the scattered ﬁeld on the surface of an elliptical
cylinder as ka → 0 is given by:
• The exact speciﬁc impedance
zexact2 ∼ 
ka
2
+ ika log(ka). (18)
• The BGT2 speciﬁc impedance
zBGT22 ∼
8(ka)2
9
(9 − 4) − i 8
3
ka, (19)
where  is given by Eq. (17).
Proposition 1 reveals that both the real and imaginary parts of zBGT22 tend to zero faster than the corresponding parts
of zexact2 . This clearly indicates that for very low values of the wavenumber ka, BGT2 will perform poorly and therefore
is not appropriate. Given that, we have performed several numerical experiments to determine numerically the range
of satisfactory performance of BGT2 for low wavenumbers [20]. The results are summarized in Fig. 1. The following
two observations are noteworthy:
• For wavenumbers ka0.1, and eccentricities e0.6, BGT2 retains a very good level of accuracy for all angles of
incident plane waves as indicated in the shaded region of Fig. 1. More precisely, the relative error on the speciﬁc
impedence is less than 10% for wavenumbers ka ∈ (0.1, 1] and eccentricities e < 0.6.
• As expected from the analytical investigation (see Proposition 1), the accuracy of BGT2 deteriorates signiﬁcantly
for very low wavenumbers (ka < 0.1), independently of the values of the eccentricity e.
3.2. Case of prolate spheroidal-shaped scatterer
The three-dimensional BGT2 condition [5] can be expressed in prolate spheroidal coordinates system as a Robin-type
boundary condition as follows:
u

=
√
1 − e2
(
(ika − 1) u + 1
2(1 − ika)s u
)
. (20)
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Fig. 1. Effect of the wavenumber and the eccentricity on the performance of BGT2 for two-dimensional scattering problems in the case of ellipti-
cal-shaped scatterers.
Here, s is the Laplace–Beltrami operator, deﬁned by
s u = 1
sin


(
sin
u

)
+ 1
sin2
2u
2
. (21)
Note again that we have chosen to write the expression of BGT2 in terms of the eccentricity e and ka for the purpose of
the analysis only. Similarly to the two-dimensional case, one can compute analytically the corresponding approximate
speciﬁc impedance zBGT23 and verify that
zBGT23 =
ka
ka + i + ka/2(1 − ika)(+ ika ) , (22)
where
= cos
sin


+ 
2
2
+ 1
sin2
2
2
, (23)
=
(


)2
+ 1
sin2
(


)2
(24)
and
= cos cos0 +
√
1 − e2 sin sin0 cos . (25)
Next, we assess the performance of BGT2 by comparing the asymptotic behavior of zBGT23 and zexact3 as ka → 0.
Proposition 2. The asymptotic behavior of the speciﬁc impedances of the scattered ﬁeld on the surface of a prolate
spheroid as ka → 0 is given by:
• The exact speciﬁc impedance
zexact3 ∼ (ka)2 − ika. (26)
• The BGT2 speciﬁc impedance
zBGT23 ∼
(
1 + 
2
)
(ka)2 − ika, (27)
where  is given by Eq. (23).
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Fig. 2. Effect of the wavenumber and the eccentricity on the performance of BGT2 for three-dimensional scattering problems in the case of prolate
spheroidal-shaped scatterers.
Unlike the two-dimensional case, Proposition 2 indicates that the speciﬁc impedances zBGT23 and zexact3 have a
comparable behavior as ka → 0. This asymptotic behavior seems however to depend on the eccentricity values in the
case of zBGT23 (see Eq. (27)). Given that, we have performed several numerical experiments to determine numerically
the range of satisfactory performance of BGT2 for low wavenumbers [20]. The results are summarized in Fig. 2. The
following two observations are noteworthy:
• For wavenumbers ka0.1, and eccentricities e0.4, BGT2 delivers an acceptable level of accuracy for all angles
of incident plane waves as indicated in the shaded region of Fig. 1.More precisely, for (ka, e) ∈ (0.1, 1]×[0, 0.4),
the relative error on the speciﬁc impedence obtained with BGT2 is less than 10%.
• For ka < 0.1, BGT2 retains an very good level of accuracy for all angles of incident plane waves as long as the
eccentricity values are less than 0.2. Indeed, the relative error on the speciﬁc impedence is less than 3%. This is
not a surprising result since for e < 0.2, the prolate is very close to a sphere and it is well-known that BGT2 is
exact for the ﬁrst two modes (the dominant modes when ka < 0.1) in the case of spherical-shaped scatterers [17].
4. Improving the performance of BGT2
The objective here is to modify BGT2 in order to extend the range of satisfactory performance. Such modiﬁcation
is achieved by adding to the wavenumber in the BGT2 condition an imaginary part that can be viewed as a damping
coefﬁcient. Hence, the real wavenumber ka in Eqs. (14) and (20) is now replaced by the complex number ka=ka− ia
where > 0. Next, we investigate the effect of the damping coefﬁcient a on the performance of the modiﬁed BGT2
(mBGT2) in the white region of Figs. 1 and 2.
4.1. Modifying BGT2 in the case of elliptic cylindrical-shaped obstacles
We have conducted an extensive numerical investigation to assess the performance of mBGT2. However, due to the
space limitations, we report here the results of only one set of experiments for illustration. (see Fig. 3.) These results
are obtained in the case where ka = 10−3, 0e0.8, and incident angle 0 = 0. The results for other incident angles
are similar. Note that we have computed the speciﬁc impedances using the integral representations of the Mathieu
functions given in [1, p. 737, Eqs. (20.7.25)–(20.7.27)], and the Mathematica software package. We have used up to
20 terms in the Fourier series (see Eq. (7)).
The obtained numerical results suggest the following three remarks:
• As illustrated in Fig. 3, for appropriate choices of the damping coefﬁcient a, mBGT2 not only outperforms BGT2,
but more importantly, it delivers an excellent level of accuracy. In fact, we found that for all values of e, mBGT2
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Fig. 3. Absolute value of speciﬁc impedance z for the exact (solid), BGT2 (dashed), and mBGT2 (crossed) with given choice of a for ka = 10−3:
(a) e = 0, a = 0.20408; (b) e = 0.4, a = 0.20474; (c) e = 0.8, a = 0.20749.
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Fig. 4. Effect of wavenumber and eccentricity on performance of BGT2 and mBGT2 for two-dimensional scattering problems in the case of
elliptical-shaped scatterers.
achieves a level of accuracy that is better than BGT2 by a factor 3 (for ka ∼ 0.1) to up to more than 2 orders of
magnitude (for ka ∼ 0.001).
• mBGT2 extends the range of satisfactory performance not only for ka0.1, but also for e0.6 as illustrated in
Fig. 3. Indeed, mBGT2 still retains an excellent level of accuracy for eccentricities up to e = 0.8.
• Finally, the numerical investigation suggests that a practical rule for ﬁnding the damping coefﬁcients a for a
given wavenumber ka and eccentricity e, is given by the following equation:
a = (0.00795e3 + 0.00286e2 + 0.00987e − 0.02997)(log ka)2
+ (0.4197e3 + 0.01468e2 + 0.00518e − 0.19967)(log ka)
+ (0.0608e3 + 0.01921e2 + 0.00749e − 0.12663). (28)
In summary, the numerical investigation we have performed reveals that when choosing the damping coefﬁcient
according to the rule given by Eq. (28), one can extend the range of satisfactory performance to the crossed region of
Fig. 4.
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Fig. 6. Effect of wavenumber and eccentricity on performance of BGT2 and mBGT2 for three-dimensional scattering problems in the case of prolate
spheroidal-shaped scatterers.
4.2. Modifying BGT2 in the case of prolate spheroid-shaped obstacles
Similarly to the two-dimensional case, we present here the results of only one set of experiments for illustration
(see Fig. 5). These results are obtained in the case where ka = 10−2, 0.3e0.8, and incident angle 0 = 0. The
results for other incident angles are similar. Note that we have computed the speciﬁc impedances using a spheroidal
wave function package designed for Mathematica [11]. The obtained numerical results suggest the following three
remarks:
• As illustrated in Fig. 5, for appropriate choices of a, mBGT2 not only outperforms BGT2, but more importantly,
it delivers an excellent level of accuracy. Indeed, for all values of e > 0.2, mBGT2 improves the level of accuracy
over BGT2 by up to 3 orders of magnitude (for e = 0.8).
• mBGT2 extends the range of satisfactory performance when ka0.1 for all eccentricity values as reported in
Fig. 6.
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• Finally, the numerical investigation suggests that a practical rule for ﬁnding the damping coefﬁcients a for a
given wavenumber ka and eccentricity e, is given by the following equation:
a = 9.03399e3 − 10.7047e2 + 4.83853e + 1.27789. (29)
Note that, unlike the two-dimensional case, the choice of a is independent of the wavenumber.
5. Summary and conclusion
We have analyzed the effect of wavenumber and eccentricity on the performance of the second order absorbing
boundary condition BGT2 designed by Bayliss, Gunzburger and Turkel for solving acoustic scattering problems. This
analysis is conducted when BGT2 is speciﬁed on an ellipse and a prolate spheroid as on-surface radiation condition. The
performance is measured by comparing approximate and exact speciﬁc acoustic impedances. The analysis indicates
that the range of satisfactory performance of scattering problems extends to relatively low wavenumbers (ka > 0.1)
at moderate values of eccentricity e. Then, we have modiﬁed BGT2 by incorporating, through a simple procedure, a
damping effect. The numerical investigation reveals that, for an appropriate choice of the damping coefﬁcient, mBGT2
(the modiﬁed BGT2) improves the level of accuracy by a factor 3 to up to two orders of magnitude depending on
the range of frequency and the slenderness of the boundary. Guidelines for the choice of the damping coefﬁcient are
provided. Unfortunately, mBGT2 does not improve the performance in the region deﬁned by 0.1<ka < 1 and large
eccentricity values e. Both BGT2 and mBGT2 perform poorly in this region. We plan to examine this issue in future
research. Nonetheless, these guidelines indicate that relatively small computational domains can be employed in many
practical applications in order to avoid excessive computational cost because it is expected that mBGT2 would perform
well—if not better—when prescribed on elliptical-shaped boundary surrounding an elongated scatterer with arbitrary
shape. The reason, in our opinion, is that the OSRC formulation is a limit case or “the worst case scenario” while
an exterior elliptical-shaped artiﬁcial boundary surrounding an elongated scatterer would be less “demanding” on the
boundary condition.
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